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Cancellation
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Abstract—Peak cancellation (PC) is known as one of the
simplest peak-to-average power ratio (PAPR) reduction tech-
niques that are applicable to various communications standards.
The salient advantage of PC is its ease of hardware implementa-
tion, but it induces in-band distortion and out-of-band radiation.
In order to restrict the amount of distortion within an acceptable
level, it is critical to carefully design the cancelling pulses as well as
the envelope threshold over which PC is applied. In most studies,
however, they are determined empirically through computer sim-
ulations. This paper thus focuses on a rigorous theoretical analysis
of PC applied to band-limited orthogonal frequency division mul-
tiplexing (OFDM) signals, and discusses its validity and limitation
for practical applications. Based on the level-crossing rate approx-
imation of the peak distribution, we derive a closed-form expres-
sion for the achievable signal-to-distortion power ratio (SDR). We
also analyze the adjacent channel leakage ratio (ACLR) as well
as error vector magnitude (EVM), with which the symbol error
rate (SER) over an additive white Gaussian noise (AWGN) chan-
nel is obtained. All the theoretical results developed in this work
are compared with those based on the corresponding computer
simulations to justify our analytical approach. It thus serves as a
useful and accurate tool for designing cancelling pulses as well as
the threshold level, for given specific system requirements such as
SDR (or EVM) and ACLR.

Index Terms—Adjacent channel leakage ratio (ACLR), error
vector magnitude (EVM), orthogonal frequency division multi-
plexing (OFDM), peak cancellation (PC), peak-to-average power
ratio (PAPR), signal-to-distortion power ratio (SDR), symbol
error rate (SER).

I. INTRODUCTION

O RTHOGONAL frequency division multiplexing
(OFDM) is commonly adopted in wireless communi-

cation systems due to its key advantages such as flexibility
in resource allocation and high spectrum utilization [1]. As
OFDM signal is essentially a sum of multiple signals aligned in
frequency domain, its probability density function (pdf) in time
domain resembles Gaussian distribution, and thus its amplitude
has high peak-to-average power ratio (PAPR) [2]. This poses
strict demands on the dynamic range of data converters and
especially limits efficient operation of power amplifiers (PAs).
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Due to the nonlinear nature of many analog devices, the actual
analog front-end that should operate with a large linear range
entails significant cost and power loss. Therefore, extensive
research has been conducted focusing on achieving low PAPR
in the digital front-end.

The digital front-end is an intermediate between the physical
layer and analog devices, and it primarily serves for frequency
shifting, resampling, filtering, and impairment compensation
for the analog front-end [3]. The PAPR reduction carried out
in the digital front-end gives no change to the physical layer
and thus is commonly applied in practice. Provided that the
resulting error vector magnitude (EVM) is tolerable, PAPR can
be reduced to a certain level by introducing some degree of
distortion. Meanwhile, the signal after PAPR reduction should
conform to the spectral mask. More specifically, the adja-
cent channel leakage ratio (ACLR) should meet the system
requirement [4].

Among many PAPR reduction techniques, most of the so-
called distortion-less approaches (such as selective mapping
[5]) are not applicable to the standardized OFDM systems as
they call for major modifications in the physical layer archi-
tecture. This paper thus focuses on the techniques that are
standard-compliant, and such approaches include clipping and
filtering (CAF) [6], [7] and peak cancellation (PC) [8].

In principle, CAF induces peak regrowth due to the exis-
tence of the post-clipping filter to meet the spectral constraint,
resulting in intractable PAPR regrowth. On the other hand, PC
does not cause any PAPR regrowth but does exhibit out-of-band
radiation caused by the cancelling pulse. By judicious design
of peak cancelling pulses, however, the PAPR can be reduced
while the out-of-band radiation is kept negligible. Moreover,
since there is no need to invoke an additional filter (which
contains a number of multipliers) for the out-of-band suppres-
sion, PC has lower complexity than CAF when implemented
by hardware [8], [9]. Our companion paper [10] demonstrates
a low-complexity real-time implementation of PC techniques
using FPGA. Applications of the PC concept to other PAPR
reduction techniques such as active constallation extension and
tone reservation, and their design issues have been addressed
in, e.g., [11] and [12].

Performance analysis of deliberately clipped OFDM signals
can be found in, e.g., [6], [13], [14] and similarly the OFDM
system after nonlinear power amplification is theoretically ana-
lyzed in, e.g., [15], [16]. Nevertheless, attempts for theoretical
analysis of the OFDM system with PC are rather scarce. A bit
error rate analysis of PC is found in [17], but it fails to address
the resulting power spectrum, an important factor upon design-
ing peak cancelling pulses under a given ACLR constraint. The
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difficulty in rigorous spectral analysis of PC stems from the
fact that the PC event is a point process and thus it cannot be
explicitly modeled by a stationary process.

In this paper, we theoretically analyze the performance
of an OFDM system operated with PC. Provided that the
baseband OFDM signal is characterized as a band-limited
complex Gaussian process, a closed-form expression of signal-
to-distortion power ratio (SDR) is firstly derived based on
the level-crossing rate approximation of the peak distribution.
Furthermore, by analyzing a cancelling pulse function, ACLR
and EVM of the OFDM signal after PC are calculated. These
results allow us to theoretically determine the threshold level
that can meet the distortion requirement (in terms of SDR,
EVM, and ACLR). The obtained results are then used for deriv-
ing the symbol error ratio (SER) of the OFDM system with
M-ary quadrature amplitude modulation (M-QAM), transmit-
ted over an additive white Gaussian noise (AWGN) channel
in the presence of PC. The accuracies of all the theoretical
results developed here are confirmed by the corresponding
simulations.

The remainder of this paper is organized as follows.
Section II describes the OFDM transmission system and the
generic PC model adopted in this paper. Our analytical frame-
work of SDR derivation based on the level-crossing rate
approximation is developed in Section III. Section IV carries
out the derivation of the distortion caused by PC in frequency
domain, based on which the resulting ACLR and EVM are the-
oretically analyzed. Considering the scenario of transmitting
the peak cancelled signal over an AWGN channel, theoretical
expressions of SER performance are also derived. The amount
of distortion based on the theoretical analysis is verified through
computer simulations in Section V. Finally, conclusions are
given in Section VI.

II. SYSTEM DESCRIPTION

In this section, we briefly review a commonly adopted
description of the OFDM signal and then introduce the PC
system considered in this paper.

A. OFDM Signal Formulation

Let A � {A0, A1, . . . , AN−1} denote the data sequence to be
transmitted by one OFDM symbol with N subcarriers, where
Ak represents the complex data of the kth subcarrier. The
complex baseband OFDM symbol can be expressed as

s(t) = e jφt
1√
N

N−1∑
k=0

Ake
j2πkt

Ts , 0 ≤ t < Ts, (1)

where Ts is one OFDM symbol period without guard inter-
val. Hence the Nyquist interval T of the N -subcarrier OFDM
symbol can be defined as T = Ts/N . The frequency offset φt

introduced in (1) is given by [6]

φt = t (1 − N )

Ts
π. (2)

Let s(t) = x(t) + j y(t), where x(t) and y(t) are the real and
imaginary parts of s(t), respectively. Assume that x(t) and y(t)

Fig. 1. A block diagram of PC procedure in hardware implementation [10].

are statistically independent Gaussian random processes and
that they are band-limited and stationary with zero mean [2].
Without loss of generality, their variances are set such that

E
{
|x (t) |2

}
= E

{
|y (t) |2

}
= 1

2
, (3)

where E {·} denotes an expectation. It then follows that s(t) is
a stationary complex Gaussian random process with zero mean
and unit variance, i.e., we have E{s(t)} = 0 and E{|s(t)|2} = 1
for any time instant t .

The corresponding envelope r (t) = √
x2 (t) + y2 (t) is a

random process that follows Rayleigh distribution. The pdf of
r(t) is thus given by

fr (r) = 2re−r2
. (4)

B. Peak Cancellation Model

The principle of PC is to generate cancelling pulses at the
time instances where the peaks higher than the predetermined
threshold γ are found and to subtract them from the original
signal. An example block diagram suitable for practical imple-
mentation [10] is depicted in Fig. 1. In what follows, we denote
the polar expression of the OFDM signal by s(t) = r(t)e jθ(t),
where r(t) and θ(t) represent the envelope and phase of the
original signal s(t), respectively. Suppose that there are Nρ(γ )

peaks that are higher than the threshold γ in the envelope pro-
cess r(t) during one OFDM symbol interval, and let ti denote
the time instant at which the i th peak is observed, where i ∈
{1, 2, . . . , Nρ(γ )}. The signal after peak cancellation can then
be written as

sc(t) = s(t) −
Nρ(γ )∑
i=1

pi (t − ti )︸ ︷︷ ︸
p(t)

, (5)

where pi (t) denotes the cancelling pulse corresponding to the
i th peak with an appropriate time shift such that pi (t) has a
peak at t = 0, and p(t) is the sum of all the cancelling pulses
generated within one OFDM symbol. In this work, we express
the i th cancelling pulse in the following form [10]

pi (t) = (ρi − γ ) e jθi g (t) , (6)

where ρi = r(ti ), θi = θ(ti ), and g(t) is a dedicated impulse
response function referred to as a cancelling pulse kernel in



SONG AND OCHIAI: PERFORMANCE ANALYSIS FOR OFDM SIGNALS WITH PEAK CANCELLATION 263

Fig. 2. Example waveforms associated with PC where ρi denotes the envelope
level of the i th peak.

what follows. Example waveforms corresponding to s(t), sc(t),
and p(t) are plotted in Fig. 2. Note that if the fluctuation of
average power due to the subtraction of the cancelling pulses
is negligible, the square of the threshold γ serves as a strict
PAPR that can be achieved by the PC system. Therefore, we
alternatively refer to γ as the target PAPR in what follows. By
observing (6), one can find that the distortion caused by PC
depends on g(t) as well as the target PAPR γ , and this issue
will be discussed in Section IV.

III. SIGNAL-TO-DISTORTION POWER RATIO ANALYSIS OF

PEAK CANCELLATION FOR OFDM SIGNALS

Assuming that the OFDM signal is approximated by a
complex Gaussian random process, the standard approach for
statistical characterization of the signal after nonlinear process-
ing is the use of Bussgang’s theorem [18], [19]. We model the
OFDM signal after PC as a linear transform of the input signal
and additive distortion given by [20]

sc(t) = αγ s(t) + d(t), (7)

where d(t) is the distortion term and αγ is a constant attenua-
tion factor that depends on the threshold γ . The input process
s(t) is uncorrelated with the distortion d(t), i.e.,

E
{
s∗(t)d(t)

} = 0, (8)

and

αγ = E {s∗(t)sc(t)}
E {s∗(t)s(t)} = E

{
s∗(t)sc(t)

}
, (9)

due to the fact that E{|s(t)|2} = 1. Note that when sc(t) is
modeled as a non-stationary process, which is the case for the
OFDM signal with PC, the time average (over the period of Ts)
should be applied to (9) as it is still a function of t [21]. The
SDR can be then defined as [22], [23]

SDR = E
{|αγ s(t)|2}

E
{|d(t)|2} =

∣∣αγ

∣∣2
Pav,d

, (10)

where Pav,d is the average power of the distortion component
d(t).

We note that the above SDR expression is referred to as
design SDR in [22], with the distortion power representing
the sum of both in-band and out-of-band components. Since it
does not require the knowledge of the second-order statistics of
the signal (such as power spectrum density), it is amenable to
mathematical analysis compared to the SDR evaluated for the
in-band distortion only.

It is easy to observe from (5) and Fig. 1 that since p(t)
depends on the random variables {ti } that represent the time
instants of peaks, the basic properties of linear systems such
as superposition and homogeneity may not be applicable.
Furthermore, unlike CAF, because of its non-causality it cannot
be modeled as a Hammerstein system (i.e., a memoryless non-
linearity followed by a linear function [24]). In what follows,
based on the level-crossing theory of Gaussian processes, we
demonstrate that theoretical derivation of approximate forms
for αγ and Pav,d is possible.

A. Level-Crossing Rate Approximation of Peak Distribution

The generation of cancelling pulses depends on the event that
the peaks higher than a given threshold occurs. Therefore, the
knowledge of the peak distribution of OFDM signals is nec-
essary. However, as discussed in [2], even if we assume the
baseband OFDM signal as a band-limited complex Gaussian
process, the exact form of peak distribution is complicated and
may not be expressed in a closed form. Nevertheless, the level-
crossing rate of a Gaussian process can be represented in a
closed form following the work of Rice [25]. For a strictly band-
limited OFDM signal, the average number of positive crossings
of a given level r per OFDM symbol is expressed as [2, eq.(19)]

ν+
c (r) =

√
π

3

N

Ts
re−r2

. (11)

Furthermore, since the number of the level-crossings and that
of the peaks tend to agree as the threshold r increases, the con-
ditional probability that a peak ρ exceeds r given that it exceeds
a reference level γ is expressed by [2, eq.(20)]

Pr{ρ > r |ρ > γ } ≈ ν+
c (r)

ν+
c (γ )

= re−r2

γ e−γ 2 , r > γ > 1/
√

2.

(12)

The conditional pdf of the peaks that exceed γ is then approxi-
mated as

fρ (r |γ ) = d

dr
Pr {ρ < r |ρ > γ }

≈ (2r2 − 1)

γ
eγ 2−r2

, r > γ > 1/
√

2. (13)

Note that the above conditional pdf satisfies the condition∫ ∞

γ

fρ(r |γ ) dr = 1, (14)

and thus is considered as a valid pdf over the range r > γ .
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B. Attenuation Factor Expression Based on Peak Shape
Approximation

Recall that for a given threshold γ , Nρ(γ ) denotes the num-
ber of the peaks above γ during one OFDM symbol period.
Conditioned that we observe Nρ(γ ) peaks and by referring to
(5), the cross-correlation term αγ in (9) can be calculated as

αγ = E
{

s∗(t)sc(t)
∣∣Nρ(γ )

} = E
{

s∗(t) (s(t) − p(t))
∣∣Nρ(γ )

}
= 1 −

Nρ(γ )∑
i=1

E{ s∗(t)pi (t − ti )
∣∣ ρi > γ }, (15)

where we have applied the condition E{|s(t)|2} = 1. Next, we
assume that 1) the shape of the peak and that of the cancelling
pulse match well within the two adjacent Nyquist intervals
from the time instant of the peak and 2) the cancelling pulse
is uncorrelated with s(t) elsewhere.

The first assumption allows us to express s(t) corresponding
to the i th peak as

s(t) ≈ ρi e
jθi g(t − ti ), ti − T ≤ t ≤ ti + T . (16)

Furthermore, by the second assumption the summand in the
second term of (15) reduces to

E
{
s∗(t)pi (t − ti ) |ρi > γ

}
=
{

E {ρi (ρi − γ ) |ρi > γ } |g(τ )|2 , −T ≤ τ ≤ T,

0, otherwise,
(17)

where τ = t − ti and thus αγ is guaranteed to have a real value.
By defining

D (τ ; γ ) =

⎧⎪⎨
⎪⎩

E {ρ(ρ − γ ) |ρ > γ }︸ ︷︷ ︸
C(γ )

, −T ≤ τ ≤ T,

0, otherwise,

(18)

we may express (15) as

αγ = 1 −
Nρ(γ )∑
i=1

D(τ ; γ ) |g(τ )|2 . (19)

The coefficient C(γ ) defined in (18) corresponds to the distor-
tion factor associated with each cancelling pulse, and it follows
from (13) that

C(γ ) =
∫ ∞

γ

r(r − γ ) fρ(r |γ )dr = γ + eγ 2√
πerfc(γ )

2γ
.

(20)

Note that even if γ is large, C(γ ) cannot be zero. More
specifically, we have

lim
γ→∞ C(γ ) = 1

2
. (21)

This is because we are evaluating the distortion conditioned that
the peak exceeds a certain threshold γ , and this amount cannot
be zero. Since the probability of having such a high peak itself
approaches zero, this behavior can be justified.

Fig. 3. An example cancelling pulse kernel considered in this paper generated
with the oversampling rate J = 4. The black dots indicate the special cases
when n takes integer values.

C. Closed-Form Expression of Attenuation Factor

Considering the asymptote of N → ∞ and taking the time
average, together with resorting to the strong law of large
numbers, (19) can be simplified as

αγ ≈ 1 − E{Nρ(γ )}C(γ )β, (22)

where

β = 1

Ts

∫ T

−T
|g(t)|2 dt, (23)

and

E{Np(γ )} ≈ ν+
c (γ )Ts =

√
π

3
Nγ e−γ 2

. (24)

In this paper, we consider a band-limited OFDM signal that
has a rectangular-like spectrum. Therefore, a sinc function with
the same bandwidth can be used to approximate the cancelling
pulse kernel, i.e.,

g(t) = w(t) sinc(t/T ), −∞ < t < ∞, (25)

where w(t) is a window function and the sinc function is
defined as

sinc(x) = sin(πx)

πx
. (26)

Various window functions can be applied, but without loss
of generality, a rectangular function with length of L = 2nT is
used in this paper:

w(t) =
{

1, −nT ≤ t ≤ nT,

0, otherwise.
(27)

In this work, we consider an oversampled OFDM signal for
which the sampling period is denoted as �T = T/J , where J
is the oversampling rate. Note that in practice L should be a
multiple of �T , but n need not be an integer. Such a cancelling
pulse kernel is depicted in Fig. 3, where it can be noticed that
g(nT ) = 0 when n is an integer.
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Conditioned on the aforementioned sinc-like cancelling
pulse, β defined in (23) can be calculated as

β = 1

Ts

2T

π
Si(2π) = 2Si(2π)

π N
, (28)

where Si(·) is the sine integral, i.e.,

Si(z) =
∫ z

0

sin(t)

t
dt, (29)

and it follows that Si(2π) = 1.41815 . . .. As a result, an asymp-
tote of αγ in the case of N → ∞ can be expressed in the
following closed-form expression:

αγ ≈ 1 − Si(2π)√
3π

{
γ e−γ 2 + √

πerfc(γ )
}

. (30)

D. Distortion Power Analysis based on Level-Crossing Rate
Approximation

From (7), the average power of the distortion term Pav,d

caused by PC can be written as

Pav,d = E
{
|sc(t)|2

∣∣∣ Nρ(γ )
}

− ∣∣αγ

∣∣2 , (31)

where the first term in the right hand side is the average power
of the signal after PC with a proper time average operation and
it can be further written as

E
{
|sc(t)|2

∣∣∣ Nρ(γ )
}

= E
{
|s(t) − p(t)|2

∣∣∣ Nρ(γ )
}

= E
{
|p(t)|2

∣∣∣ Nρ(γ )
}

+ 2	 {αγ

}− 1.

(32)

Analogous to the derivation of (22), the first term in the right
hand side of (32) can be expressed (after the time average over
the period of Ts) as

E
{

|p(t)|2
∣∣∣ Nρ(γ )

}
=

Nρ(γ )∑
i=1

E
{
|pi (t − ti )|2

∣∣∣ Nρ(γ )
}

≈ E
{

Nρ(γ )
}

B(γ )η, (33)

where

B(γ ) = E
{
(ρ − γ )2

∣∣∣ ρ > γ
}

=
∫ ∞

γ

(r − γ )2 fρ(r |γ )dr

=
√

πeγ 2
erfc(γ )

2γ
= C(γ ) − 1

2
, (34)

and

η = 1

Ts

∫ ∞

−∞
|g(t)|2 dt . (35)

In the case that g(t) is given by (25), we have

η = 1

Ts

∫ nT

−nT
sinc2(t/T )dt

= 1

Ts

2T

π
Si(2nπ) + 1

Ts

T (cos(2nπ) − 1)

nπ2

= 2

Nπ
Si(2nπ) + cos(2nπ) − 1

Nnπ2
. (36)

Collecting the above results and noticing that αγ has a real
value, we obtain

Pav,d =
(

2αγ − 1 − |αγ |2
)

+ E{Nρ(γ )}B(γ )η, (37)

and substituting αγ of (30) into (37) leads to the following
closed-form expression:

Pav,d =
erfc (γ )

(
Si(2nπ) + (cos(2nπ)−1)

2nπ

)
√

3

−
e−2γ 2

(
γ + eγ 2√

πerfc (γ )
)2

Si(2π)2

3π
, (38)

which indicates that the distortion term is dependent on the
length of the window function n.

Finally, substituting (30) and (38) into (10), the following
closed-form expression of SDR can be obtained as a function
of n and γ , i.e.,

SDR(n, γ )

=
(√

3π − Si(2π)
{
γ e−γ 2 + √

πerfc(γ )
})2

√
3πerfc(γ )Si(2nπ) − e−2γ 2(

γ + eγ 2√
πerfc(γ )

)2
Si(2π)2

,

(39)
for n = 1, 2, . . ..

E. Remarks

In this work, we have chosen the sinc function as our can-
celling pulse kernel for simplicity. Application of other func-
tions is straightforward, but the derivation of SDR in a simple
closed-form expression may not be necessarily guaranteed.

The two basic assumptions made here are the level-crossing
approximation of peaks and the use of a sinc shape to approxi-
mate the peaks to be subtracted and without correlation outside
the mainlobe. The former assumption stems from the fact that
the envelope threshold γ should be set relatively high in many
practical applications of PC where the severe distortion is not
tolerable from the viewpoint of out-of-band radiation. The latter
one is introduced mainly to simplify the analysis such that the
integration can be performed within the span of only the main-
lobe, rather than the entire length of the cancelling pulse kernel;
it renders the subsequent mathematical analysis tractable.

IV. IN-BAND AND OUT-OF-BAND DISTORTION ANALYSIS

A finite-length property of a cancelling pulse kernel causes
spurious in the signal power spectrum after PC. Since the adja-
cent power is generally subject to a regulatory constraint, an
analysis of the out-of-band performance due to the use of PC
plays an important role. In this section, we theoretically ana-
lyze the effect of the cancelling pulse on the ACLR. This also
allows us to derive an EVM expression that takes into account
only the in-band distortion.
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Fig. 4. Relationship between the ACLR and the length n of a cancelling pulse
kernel g(t); a sinc function is used as the cancelling pulse kernel.

A. Length of Cancelling Pulse Kernel

In our previous work on FPGA implementation of PC [10],
it has been demonstrated that the length of the cancelling pulse
kernel essentially leads to a trade-off between the out-of-band
radiation and in-band distortion, and careful design is critical
such that the resulting EVM and ACLR should meet the system
requirement. More specifically, a longer cancelling pulse ker-
nel can be used to achieve lower out-of-band level, but this not
only increases implementation cost but also degrades the EVM
performance. Therefore, a rigorous analysis of out-of-band dis-
tortion associated with the candidate cancelling pulse kernel is
important.

For the cancelling pulse kernel g(t) defined in (25), its power
spectrum density (PSD) Sg( f ) can be calculated as

Sg( f ) = T

2Nπ3

[
Si (nπ (1 − 2T f )) + Si (nπ (1 + 2T f ))

]2
.

(40)

Hence, the corresponding ACLR of g(t) can be expressed as

ζg(n) =

∫
Dout

Sg ( f ) d f∫
Din

Sg ( f ) d f
, (41)

where Din and Dout represent the frequency regions corre-
sponding to in-band and adjacent channel, respectively. In
Fig. 4, (41) is plotted for Sg( f ) of (40) as a function of n,
where Dout is defined later in Fig. 5. It is observed that min-
imum values of ACLR can be achieved for an integer value of
n, i.e., when L is a multiple of T . Hence, we only focus on the
cases where n takes an integer value in what follows. It thus fol-
lows that the larger value of n leads to better ACLR but at the
cost of increasing in-band distortion, since both (41) and (39)
monotonically decrease with increasing integer values of n.

B. ACLR Analysis

The previous subsection has shown that larger n generally
leads to lower out-of-band emission, but it also results in severer

Fig. 5. Averaged PSD of the cancelling pulses with n = 5, γ = 4dB, and
J = 8, where Din and Dout are the regions of occupied and adjacent channels,
respectively, and BSP denotes the channel spacing between them. The band-
width is normalized by the inverse of the Nyquist interval, i.e., 1/T , which is
equivalent to the bandwidth of the in-band OFDM signal.

in-band distortion with higher hardware overhead. Moreover, as
the occurrence of the peaks higher than the threshold becomes
a rare event, the out-of-band power added to the original sig-
nal should be relatively low. Consequently, the integer n need
not be necessarily very large to meet the spectral requirement.
If we assume that the original signal has sufficiently low out-
of-band level, the ACLR of the PC output signal is determined
exclusively by the cancelling pulses that are added to the input
signal. Nevertheless, since the amplitude of each cancelling
pulse kernel is adjusted to the observed peak level, the out-of-
band power caused by the cancelling pulses is related to the
statistical distribution of the peaks.

In this paper, the average (long term) PSD of the peak
cancelled signal is considered for the evaluation of ACLR.
Observing that 1) each cancelling pulse pi (t) becomes zero or
has negligibly small value as |t | increases and 2) the two dis-
tinct cancelling pulses pi (t − ti ) and p j (t − t j ) are likely to
have temporal separation as the threshold γ increases, it may be
reasonable to assume that the cross correlation among the peak
cancelling pulses are negligible. Therefore, the autocorrelation
function of p(t) defined in (5) may be expressed as

Rp(τ ) =
Nρ(γ )∑
i=1

Rpi (τ ), (42)

where Rpi (τ ) is the autocorrelation of pi (t) averaged over the
time period Ts and is given by

Rpi (τ ) = 1

Ts

∫ Ts

0
E
{

p∗
i (t + τ)pi (t)

}
dt

= E
{
(ρi − γ )2

} 1

Ts

∫ Ts

0
g∗(t + τ)g(t)dt. (43)

Therefore, we can obtain its PSD by Fourier transform of (43)
with Ts → ∞ as

Ppi ( f ) = E
{
(ρi − γ )2

}
Sg( f ), (44)
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where Sg( f ) denotes the PSD of g(t) derived in (40). Finally,
invoking the strong law of large numbers, the PSD of p(t) can
be written as

Pp( f ) =
Nρ(γ )∑
i=1

Ppi ( f ) ≈ E{Nρ(γ )}B(γ )Sg ( f )

= T erfc(γ )

4
√

3π2

[
Si(nπ (1 − 2T f )) + Si(nπ(1 + 2T f ))

]2
,

(45)

where B(γ ) is previously defined in (34). To show the validity
of (45), the approximated PSD and its simulation results are
plotted in Fig. 5, where the length of cancelling pulse is set to
n = 5, the target PAPR γ is 4 dB, and the oversampling rate J is
8. The bandwidths of Din and Dout are denoted by Bin and Bout,
respectively, and in this example we assume Bin = Bout = 1.
As is observed from Fig. 5, we can see that (45) can accurately
predict the PSD of the cancelling pulses.

As previously mentioned, we assume that the original signal
has PSD with negligible out-of-band power. Consequently, the
cancelling pulse is the only source of the out-of-band power.
The in-band power of the PC output, on the other hand, can
be seen as the summation of both in-band signal and its uncor-
related in-band distortion component. Let Ps( f ), Psc ( f ), and
Pd( f ) denote the PSDs of the input signal s(t), the output sig-
nal with PC sc(t), and the resulting distortion component d(t),
respectively. Similar to (41), the ACLR for the output signal
with PC, denoted by ζSc (n, γ ), becomes

ζSc (n, γ ) =

∫
Dout

Psc ( f )d f∫
Din

Psc ( f )d f

=

∫
Dout

Pp( f )d f

α2
γ

∫
Din

Ps( f )d f +
∫
Din

Pd( f )d f
. (46)

Therefore, our remaining task is to find Pd( f ). Combining
(7) and (5), an alternative expression of p(t) is given by

p(t) = (
1 − αγ

)
s(t) − d(t). (47)

Considering the fact that s(t) and d(t) are uncorrelated, we
further have

Pd ( f ) = Pp ( f ) − (
1 − αγ

)2
Ps ( f ) , f ∈ Din. (48)

Hence, (46) reduces to

ζSc (n, γ ) =

∫
Dout

Pp( f )d f∫
Din

Pp ( f ) d f − (
1 − 2αγ

) ∫
Din

Ps ( f ) d f
.

(49)

With the Parseval’s identity
∫
Din

Ps ( f ) d f = E{|s(t)|2} = 1,

(49) can be further simplified as

ζSc(n, γ ) =

∫
Dout

Pp( f )d f∫
Din

Pp ( f ) d f − (
1 − 2αγ

) . (50)

By observing (45), it can be concluded that the ACLR of
(50) depends on n, i.e., the window size of g(t) as well as
γ as expected. The accuracy of the derived results will be
numerically evaluated in Section V.

C. EVM Analysis

In wireless transceivers, EVM is a commonly adopted mea-
sure of the in-band distortion. It can be approximated by the
effective SDR as [22]

EVM =
√

1

SDReff
× 100%. (51)

The effective SDR denoted by SDReff is the power ratio of
the attenuated signal and its in-band distortion, which can be
expressed as

SDReff =
α2

γ

∫
Din

Ps( f )d f∫
Din

Pd( f )d f

=
α2

γ

∫
Din

Ps( f )d f∫
Din

[
Pp ( f ) − (

1 − αγ

)2
Ps ( f )

]
d f

. (52)

Hence, the EVM of the PC output can be written as

EVM = 1

αγ

√∫
Din

Pp ( f ) d f − (
1 − αγ

)2 × 100%, (53)

based on the fact that
∫

Din

Ps ( f ) d f = 1.

D. SER Over an AWGN Channel

In the rest of this section, we analyze the SER when the
PAPR reduced signal is transmitted over an AWGN channel.
In order to investigate the effect of PC, we only consider the
SER without channel coding.

As PC is applied to the OFDM symbols that have the peaks
exceeding the threshold, the received signal corresponding to
(7) can be expressed as

so(t) =
{

αs(t) + d(t) + n(t), when PC is applied,

s(t) + n(t), otherwise,
(54)

where n(t) is an AWGN term with its variance denoted by
Pav,n . With the effect of additional white noise, it is reason-
able to decompose the input signal into the following two
cases: In the case that PC is applied, since the distortion and
the channel noise are statistically independent, signal-to-noise-
plus-distortion ratio (SNDR) should be taken into consideration
and thus we use Pe(SNDR) to represent the error probabil-
ity. In the other case, Pe(SNR) is used to describe the error.



268 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 64, NO. 1, JANUARY 2016

Thus, similar to the analysis in [26], the average SER Pe,total is
expressed as

Pe,total = �C (γ ) · Pe(SNDR) + (1 − �C (γ )) · Pe(SNR),

(55)

with �C (γ ) representing the complementary cumulative dis-
tribution function (CCDF) of the PAPR for the band-limited
OFDM signals. A closed-form approximation of �C (γ ) can be
found in [2].

The evaluation of the above error probability requires the
knowledge of pdf of d(t), and it has been commonly assumed
that d(t) approaches complex Gaussian distribution having zero
mean and variance of Pav,d as the number of subcarriers N
increases [14], [15]. Due to the assumption that the original
signal component and distortion are not correlated in frequency
domain, the distortion component can be regarded as an addi-
tional noise. Accordingly, the effective (in-band) SNDR which
incorporates both channel noise and distortion can be written as

SNDR = α2
γ E

{|s(t)|2}
Pav,n +

∫
Din

Pd ( f ) d f
. (56)

In a similar manner, SNR for the second case is given by

SNR = E
{|s(t)|2}
Pav,n

. (57)

It should be noted that the equivalent average in-band sig-
nal power to be transmitted is denoted by (1 − �C (γ )) +
�C (γ )α2

γ . Under these assumptions, for an ideal receiver with
perfect synchronization, the SER can be evaluated as a general
function of modulation order M and SNR:

Pe(SNR) = f (M, SNR). (58)

In this paper, considering an M-ary rectangular quadrature
amplitude modulated (M-QAM) baseband signal, we have [21]

f (M, SNR) = 4

(
1 − 1√

M

)
Q

(√
3log2(M)

M − 1
SNR

)

×
(

1 −
(

1 − 1√
M

)
Q

(√
3log2(M)

M − 1
SNR

))
,

(59)

where Q(x) = (1/2)erfc(x/
√

2) = (1/
√

2π)

∫ ∞

x
e−t2/2dt .

When PC distortion is imposed, the SNR in f (M, SNR) should
be replaced by SNDR.

V. NUMERICAL RESULTS

The accuracies of the theoretical expressions derived in the
previous sections are evaluated by computer simulations. The
OFDM symbol is generated with all the subcarriers modulated
by 16-QAM. In order to acquire accurate peak positions for PC,
the OFDM symbol is oversampled by J = 8 times. The can-
celling pulse is a sinc function, with a length of 80 samples,

Fig. 6. Performance of attenuation factor αγ with respect to different target
PAPR γ .

Fig. 7. SDRs with respect to different target PAPR γ .

i.e., L = 80�T and thus n = L/2T = L/(2J�T ) = 5, which
is chosen to ensure an acceptable ACLR.

We begin with the investigation of the attenuation factor αγ

with respect to the target PAPR γ , which is reported in Fig. 6.
For the purpose of demonstrating the convergence behavior of
simulation results, the number of subcarriers is set to 500, 1000,
5000, and 10000. It is observed that the theoretical attenuation
factor αγ serves as an asymptote for the OFDM system with a
large number of subcarriers. Furthermore, in high γ region, the
theoretical curve well agrees with all the simulated results as
expected. In practice, one may be interested only in the cases
with γ > 6dB, as the threshold lower than this would result in
unacceptable amount of distortion. We choose N = 10000 for
all the subsequent simulation results.

In Fig. 7, both the theoretical and simulated SDRs under dif-
ferent threshold levels are plotted. The theoretical results match
well with the simulation results, which shows that our analysis
provides good fidelity for predicting the amount of distortion.
In the figure, SDReff refers to the effective SDR, which is a met-
ric that takes into account only the in-band distortion imposed
on the desired signal. Due to the fact that a practical PC design
introduces low out-of-band distortion, the gap between SDReff
and SDR is negligible.
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Fig. 8. Simulated and theoretical EVM with respect to different target PAPR γ .

Fig. 9. SDR with respect to the length of cancelling pulse n under different
target PAPR γ .

In order to demonstrate the effectiveness of our approxima-
tion of the in-band distortion, Fig. 8 shows the EVM perfor-
mance in conjunction with its analytical expression given in
(53). A good agreement between the theoretical and simulation
results is observed.

The effect of cancelling pulse length n on SDR, where n is
chosen from integer values, is compared in Fig. 9. This result
elucidates the fact that SDR is dominated by the threshold value
γ , which agrees with the SDR result shown in Fig. 7. We also
observe that smaller cancelling pulse length n results in better
SDR, but its effect is negligible when n > 3. This is due to fact
that the sidelobe of the cancelling pulse vanishes rapidly with
increasing n.

Similarly, the ACLRs in terms of n are illustrated in Fig. 10,
where the width of channel spacing BSP defined in Fig. 5 is
set to 1.1Bin in order to reserve a small guard band between
the occupied channel and adjacent channel. From Fig. 10, it is
observed that the analytical results can serve as a good approx-
imation of the simulated ACLRs. The gaps between different
ACLR curves become larger when the threshold γ is increased.
The ACLR decreases with the increasing pulse length n due
to reduced discontinuity between the head and the tail of can-
celling pulse kernel. Unlike the effect on SDR shown in Fig. 9,

Fig. 10. ACLRs with respect to different pulse length n under different target
PAPR γ .

Fig. 11. SER over an AWGN channel with respect to different target PAPR γ

of 16-QAM OFDM signals in the presence of PC.

both the pulse length n and the threshold γ have a significant
impact on the ACLR. Given the results observed from Fig. 9
and Fig. 10, it can be concluded that n and γ should be appro-
priately chosen according to the spectral mask as well as the
distortion requirement and our theoretical analysis serves as a
guideline in determining these values.

We now turn to the SER performance over an AWGN chan-
nel in the presence of PC. The simulated SER plots for different
noise levels with various threshold values γ (5 dB, 6 dB,
7 dB, and 8 dB) are shown in Fig. 11, along with the the-
oretical approximation. It can be observed that in the higher
SNR region where the effect of nonlinear distortion caused
by PC becomes apparent, good agreement between theoretical
analysis and simulation results can be observed.

VI. CONCLUSION

In this paper, theoretical analysis of both in-band and out-of-
band distortion performance of peak cancellation is carried out
for OFDM systems. The closed-form expression of SDR caused
by PC is first obtained, with which the effect of PC in terms of
EVM and ACLR associated with the peak reduced signal is ana-
lyzed from the frequency domain perspective. In addition, the
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resulting SER degradation caused by PC when transmitted over
an AWGN channel is mathematically formulated. The effec-
tiveness of the analytical approach given in this paper is well
confirmed by simulation results. The analytical tools developed
in this work serve as a useful guideline for designing cancelling
pulses of PC-based OFDM systems. They can be also used for
estimating its effectiveness as well as limitations in view of
system requirements.
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